We simulate two variants of quenched twisted mass QCD (tmQCD), with degenerate Wilson quarks of masses equal to or heavier than half the strange quark mass. We use Ward identities in order to measure the twist angles of the theory and thus check the quality of the tuning of mass parameters to a physics condition which stays constant as the lattice spacing is varied. Flavour symmetry breaking in tmQCD is studied in a framework of two fully twisted and two standard Wilson quark flavours, tuned to be degenerate in the continuum. Comparing pseudoscalar masses, obtained from connected quark diagrams made of tmQCD and/or standard Wilson quark propagators, we confirm that flavour symmetry breaking effects, which are at most 5%, decrease as we approach the continuum limit. We also compute the pseudoscalar decay constant in the continuum limit, with reduced systematics.
Introduction
B K , the bag parameter of neutral K-meson oscillations, has been computed with several discretizations of lattice fermions. Until recently, the quenched Wilson fermion results of B K were the least accurate, due to a limited control of those systematic sources of error, which arise form the lack of chiral symmetry in the regularization. This trend has been reversed in ref. [1] , thanks to the implementation of twisted Wilson fermions [2] . The simulations of ref. [1] , besides introducing some novelties in the computation of B K (twisted mass QCD (tmQCD) regularization, Schrödinger functional renormalization and RG running) have also been extensive from the computational point of view. In particular two tmQCD variants of the fermion action have been implemented (with twist angles π/2 and π/4) at several inverse gauge couplings β. Such a large collection of data enables us to address, in the present work, several other issues related to the tmQCD formalism, in the region of strange quarks. Clearly, the fact that we work in the quenched approximation is a limitation of the scope of the present work.
In sect. 2 we present the details of our formalism. In our first tmQCD variant we introduce two twisted flavours, with twist angle π/2, and two standard (untwisted) flavours. In the second variant we only have two twisted flavours with twist angle π/4. The tmQCD lattice action is O(a) improved. All dimension-3 operators (currents, scalar and pseudoscalar densities) are improved by introducing O(a) Symanzik counterterms. This is essential to O(a) improvement in the π/4 case and to those quantities of the π/2 case which are not exclusively composed of fully twisted quarks. No improvement of the four-fermion operators is attempted.
In sect. 3, we first of all examine the quality of the tuning of the mass parameters, fixed so as to ensure that the twist angle is equal to a target reference value (in our case π/2 or π/4). This, together with the requirement that all quark masses be degenerate and phenomenological quantities be measured at a reference pseudoscalar meson mass, constitute our constant physics requirement. It has to be maintained as we increase the theory's UV cutoff (i.e. approach the continuum limit). The twist angle is then measured with the aid of Ward identities and compared to its target reference value, used in the mass parameter tuning. We see that O(a 2 ) cutoff effects are responsible for statistically significant discrepancies, which are nevertheless only a few percent.
In sect. 4, we measure the pseudoscalar masses and decay constants in both π/2 and π/4 setups. In the former case we are also able to monitor flavour breaking effects, arising from the twisted mass term in the lattice action. This we do by comparing the pseudoscalar masses and decay constants for mesons composed exclusively of twisted or untwisted valence quarks, as well as those made of one twisted and one untwisted quark. For the pseudoscalar masses, we find that statistically significant effects, which are nevertheless only a few percent at the coarsest lattices, disappear as the lattice spacing is decreased. Thus flavour symmetry appears to be restored in the continuum limit.
Our best results for the K-meson decay constant are based on a tmQCD Ward identity. They are free of the usual systematic uncertainties arising from current normalizations and improvement (i.e. ambiguities in the values of Z A , Z V and c A ). Extrapolating π/2 and π/4 results to a common continuum limit gives a result in full agreement with earlier estimates.
The more detailed analysis concerning the accuracy of the tuning of quark masses and twist angles, presented here, was performed after the publication of ref. [1] . The quality of the tuning was found to be satisfactory in all cases, save for the simulations at β = 6.1, mainly in the π/4 case. This is signalled e.g. by relatively large differences between the value of the target twist angle, set to π/2 or π/4 through the tuning of the bare (subtracted) mass parameters, and the value obtained by computing the twist angle with the PCAC quark mass instead of the subtracted quark mass. The reason for this behaviour has been traced back to the value of κ cr taken as input from the literature. Indeed, for an accurate determination of κ cr it is crucial to fix its O(a 2 ) ambiguities by following a constant physics condition in the approach to the continuum limit. Instead, the value of κ cr (β = 6.1) quoted in [3] comes from an interpolation of data obtained from a constant physics condition at other values of β. While the effect of relaxing the constant physics requirement was found to be negligible for the data of [3] , its impact on the tuning of twist angles is large. This is discussed in detail in Appendix A.
The β = 6.1 critical point has been hence determined afresh, and β = 6.1 simulations with new mass parameters have been performed. Thus all results in the present work are generated from the datasets of ref. [1] , except for those at β = 6.1, which are completely new. The new B K (β = 6.1) results can be found in sect. 5. They induce a reanalysis of the continuum limit extrapolation of this quantity. Also in sect. 5, we collect our detailed results of the kaon-to-pion four-fermion operator matrix elements, involved in the ∆I = 1/2 rule. Strictly speaking, these results are not physical, as they refer to four degenerate quarks, with masses close or above half the strange quark mass. They have been used, however, in ref. [4] in order to obtain the relevant four-fermion operator renormalization with Neuberger fermions, through a matching procedure of RGI matrix elements computed from both tmQCD and Neuberger regularizations.
For the sake of legibility, all tables containing our results have been gathered in Appendix B.
General tmQCD formalism
Twisted mass QCD has been designed to eliminate exceptional configurations in (partially) quenched lattice simulations with light Wilson quarks [2] . In its original formulation, it describes a mass-degenerate isospin doublet ψ of Wilson quarks for which, besides the standard mass term, a so-called twisted mass term iµ qψ γ 5 τ 3 ψ is introduced. The properties of tmQCD have been studied in detail in [2] , where, in particular, its equivalence to standard two-flavour QCD has been established 1 . We discuss here the main characteristics of this formulation, extended to more flavours, in ways analogous to those discussed in [8] and [1] .
It is convenient to formalize our variant of tmQCD in terms of a twisted and an untwisted isospin doublet, denoted asψ tw = (ψ 1 ,ψ 2 ) andψ w = (ψ 3 ,ψ 4 ) respectively. All flavours will eventually be tuned to be degenerate. The twisted (untwisted) isospin doublet is regularized in the standard tmQCD-Wilson (plain Wilson) fashion:
where D w is the standard Dirac-Wilson fermion matrix (with a Clover term) and τ 3 the Pauli isospin matrix. In this work, the Wilson plaquette action is the regularization of the pure gauge sector of the theory. For the rest of the notation, relating tmQCD to standard QCD (concerning field rotations, mass transformations etc.) see [1] . Here, what we are mostly interested in are the expressions for the renormalized quark mass in the twisted quark sector, given by the combination of standard and twisted mass parameters 2) and the twist angle, defined in terms of renormalized masses as
Also standard is the relation between renormalized and bare quark masses: the subtracted (unrenormalized) quark mass for Wilson fermions in denoted by am q = 1/(2κ) − 1/(2κ cr ), κ being the hopping parameter (2κ = [am 0 + 4] −1 ). Whenever we need to identify the quark doublet f (with f = tw, w), we will denote the corresponding quantities by am q,f and κ f . In a Symanzik O(a) improved framework, the renormalized quenched quark masses for the untwisted flavours are given by 4) while the twisted quark masses renormalize as follows:
In terms of the last two expressions, the twist angle may be expressed as [9] tan(α) = aµ 0,tw
We now discuss an alternative expression for the twist angle, obtained in terms of Ward identities in [9] . For the twisted sector of our theory, the PCAC and PCVC Ward identities read∂ 9) and they are valid up to O(a 2 ) for the Symanzik-improved operators [9] ( 
Finally, the PCAC expression for the twist angle, in terms of the above, is [9] tan(α) = aµ 0,tw
Yet another variant of the twist angle is obtained by expressing µ R,tw in terms of the PCVC Ward identity. We define the PCVC bare twisted mass from 3 and, using expressions (2.8) -(2.12), obtain for the renormalized twisted mass
The PCVC expression for the twist angle, in terms of the above, is
In the present work, expression (2.7) is used for tuning the bare mass parameters µ 0,tw and κ tw , so as to fix the theory to a specific twist angle. One also needs the value of κ cr for the determination of am q,l . This is known from previous Schrödinger functional computations, based on the Clover-improved theory with Wilson (untwisted) quarks. 4 Once the bare parameters are thus fixed to satisfy Eq. (2.7), one may use Eq. (2.15) and Eq. (2.18) in order to obtain independent estimates of the twist angle, which differ from the target value by O(a 2 ) discretization effects. This provides a measure of the systematic uncertainties related to the tuning of the twist angle. 5 Finally, we specify the twist angles, following the two cases of [1] . In the first case, known as fully twisted theory, the bare parameters of the twisted quark doublet are tuned so as to ensure that α = π/2. This amounts to tuning Eq. (2.5) so that m R,tw = 0. The untwisted doublet is also tuned (through an opportune choice of κ w ), so that m R,w = µ R,tw up to O(a 2 ); cf. Eqs.(2.4) and (2.6). In the second case we switch off the untwisted doublet, keeping just two twisted flavours; the twist angle is set to α = π/4. This amounts to tuning Eqs.(2.5) and (2.6) so as to have m R,tw = µ R,tw . The detailed expressions used for these tunings may be read off from ref. [1] .
In order to make contact with the physical results we will be presenting, we now identify the four generic quark fields ψ k (k = 1, · · · , 4) with physical (if degenerate) flavours. There is a different identification according to the problem in hand. When we discuss pseudoscalar masses, decay constants and B K , in the π/2 case we identify the twisted doublet withψ tw = (ū,d) and the untwisted one withψ w = (s,c). The same quantities in the π/4 case are addressed in terms of a single twisted doublet of a strange and a down quark; i.e.ψ tw = (s,d). As our simulations are quenched and mass degenerate, this is sufficient to model two valence quarks. In this way we make 4 The condition we implement for fixing the twist angle is neither the so-called pion mass determination, nor the PCAC one of ref. [11] .
5 The (re)normalization constants (ZA, ZP etc.) as well as the improvement coefficients (cA, bA etc.) used in this work are also taken from previous Schrödinger functional computations. Their values are all gathered in Appendix A of ref. [1] . Note that Eqs. (A.10) and (A.11) of that Appendix contain misprints; they should readbA = 0.086CF g full contact with the notation of the earlier tmQCD simulations of ref. [1] . For the results related to ∆S = 1 four-fermion operators, the physical flavour identification is more complicated. The reader is referred directly to ref. [4] , where the issue has been addressed in detail.
Cutoff effects of the twist angle
We now turn to the determination of the twist angle from PCAC and PCVC relations. The simulation parameters are gathered in Table 1 for the π/2 theory and in Table 2 for the π/4 one. The data are those of ref. [1] , except at β = 6.1. As mentioned in the introduction, the run had to be repeated at this coupling, for reasons which will be discussed in detail below. The physical regime targeted in the runs of ref. [1] is that of the K-meson, composed of two degenerate valence quarks. As detailed in that work, in practice this means that the choice of quark masses is such that the K-meson in the π/2 theory is computed in the range 640-830 MeV and extrapolated to the physical point at 495 MeV (i.e. r 0 M phys K = 1.2544). In the π/4 theory we are instead able to simulate with quarks corresponding to a physical kaon of about 495 MeV. The only exception is the β = 6.45 case, in which extrapolations from higher mass values were the only option, as simulations with quarks corresponding to a physical kaon require prohibitively large lattice sizes. As the present work is based on the same runs, the same physical point for all four flavours is targeted here.
Following the discussion of sect. 2, the bare mass parameters (i.e. standard hopping parameter(s) and twisted mass µ 0,tw ) are tuned at each β value so as to keep the quarks degenerate and the twist angle fixed at α = π/2, π/4. The κ cr estimates used in the bare parameter calibration are taken over from the literature; see Table 3 . Those of ref. [12] , as well as the one provided to us by the ZeRo Collaboration 6 , are the result of a direct computation of the PCAC Ward identity at the corresponding bare coupling, using O(a) improved (untwisted) Wilson fermions, whereas the estimates from ref. [3] are the result of an interpolation in β of the data of ref. [12] . We will see that this κ cr estimate at β = 6.1 results in poor tuning of the bare tmQCD parameters. Thus, following the procedure described in ref. [12] , we have recomputed κ cr at β = 6.1, finding a different value. This has been done by an independent run, performed at lattice volume L/a = 16, T /L = 2 and four PCAC quark mass values in a range 0.025 am av 0.05, similar to that of ref. [12] (where m av is defined). Our κ cr result is obtained by linear exrapolation in the PCAC quark masses, ensuring that our systematics resemble those of ref. [12] .
All observables computed in this work are obtained from the large time asymp-totic limit of operator correlation functions with Schrödinger functional (SF) boundary conditions. The notation is standard, following closely that adopted in e.g. [1] . For instance, f A,12 denotes the Schrödinger functional correlation with a fermionic operator A 0,12 in the bulk and a time-boundary pseudoscalar operatorζ 2 γ 5 ζ 1 at x = 0. All such correlation functions are properly (anti)symmetrized in time, when used to extract quark masses, effective pseudoscalar masses and decay constants. The bare PCAC and PCVC quark masses of Eqs. (2.13) and (2.16) are obtained from the ratios
From these and Eqs. (2.14), (2.17) we compute the renormalized masses am R,tw and aµ R,tw ; from Eqs. (2.15), (2.18) we compute cot(α). These results are reported in Table 4 . The errors are statistical; we have checked that systematic errors due to the uncertainties of κ cr , the (re)normalization parameters and the improvement coefficients are an order of magnitude smaller than statistical ones.
Let us comment on our π/2 results first. The two aµ R,tw values (computed from Eq. (2.6) and Eq. (2.17)) have a small but statistically significant discrepancy of less than 3%. Similarly, the result for am R,tw is also statistically different from the target value am R,tw = 0. The two estimates of the twist angle are only a few percent off the target value π/2, but the small discrepancies in the aµ R,tw evaluations do not carry over to the two results for cot(α), which are nearly always compatible within errors. All observed deviations from the expected target values are attributed to O(a 2 ) discretization effects.
The π/4 results display largely the same characteristics, but the mass range spanned by the data (for β < 6.45) is too narrow to discern the details of the dependence of the twist angle upon the quark mass parameters. What we see is that the difference between the two twisted mass estimates µ R,tw and the standard mass estimate m R,tw is a small but statistically significant effect. The same is true of the two Ward identity estimates of the twist angle, which also differ from the target value π/4 by a small amount.
Finally, we study to which extent the Ward identity estimates of the twist angles approach their target values π/2, π/4 in the continuum limit. We do this by first computing, at fixed β value, the quantity cot(α) at the kaon mass reference scale
MeV. This is done by extra/interpolating our data as a function of the pseudoscalar effective mass-squared, expressed in physical units. 7 The result thus obtained is plotted against (a/r 0 ) 2 in Fig. 1 . A linear extrapolation of cot(α) 7 The pseudoscalar mass in question is obtained from a correlation function consisting exclusively to the continuum limit turns out to be unreliable (very large χ 2 /d.o.f.), as the data do not display a monotonic behaviour, with fluctuations which are much larger than their errors. In any case, these fluctuations are only a small effect, reflecting the overall uncertainty of the tuning of the twist angle to a constant target value (which amounts to a condition of constant physics as we approach the continuum limit). tmQCD at α = π/2. The rationale behind these computations is as follows: we are dealing with a (quenched) lattice QCD model with four degenerate quark flavours, two of which are twisted. The massless continuum theory has an SU (4) L ⊗ SU (4) R chiral symmetry with 15 degenerate pseudoscalar Goldstone bosons; with massive fermions we are left with the vector flavour symmetry SU (4) V . In the regularized theory, the Wilson term breaks the symmetry induced by axial transformations, even in the absence of quark mass parameters. In twisted mass QCD some of these axial symmetries are interpreted as part of the SU(4) flavour symmetry. With our choice of twisted mass terms one then finds that on the lattice the SU(4) flavour symmetry is reduced to the subgroup U (1) ⊗ U (1) ⊗ SU (2). Thus, at finite lattice spacing, we expect that the "twisted" charged Goldstone bosons, the "untwisted" ones and the "twisted-untwisted" ones will differ in mass by terms which are like O(a 2 ) (recall that we work with a Symanzik-improved action). Based on this approach, we have provided a first summary of our findings on this symmetry breaking in [1] ; here we present our full results. The same approach for monitoring such flavour breaking effects has also been implemented (with an action with two π/2-twisted isospin doublets and no Clover term) in [14] . Both works focus on pseudoscalar masses in the kaon region. For similar results closer to the chiral limit (for a single β value), see [15] . It is fairly straightforward to measure these flavour breaking effects, as the corresponding correlation functions involve only connected diagrams. Recall that there is also a flavour breaking effect between the charged and neutral "twisted" pseudoscalar, which is harder to monitor, as the measurement of the neutral pion mass involves disconnected diagrams; see [16] Studying this flavour breaking is beyond the scope of the present work.
We have measured pseudoscalar effective masses aM eff ij (x 0 ), using suitable timedependent correlation functions f (A R ) ij (x 0 ) (with i, j distinct flavour indices) of the temporal component of the renormalized axial current (A R ) ij
These quantities are suitably (anti)symmetrized in time and averaged over plateaux, as detailed in [1] . In the language of the twisted action Eq. (2.1) at twist angle π/2, the corresponding lattice correlation functions to be used in Eq. (4.1) are:
The first correlation function is composed of a tmQCD Wilson quark propagator and a standard QCD Wilson quark propagator. From it we derive the "K-meson" effective mass, denoted by aM eff sd . The second correlation function, composed exclusively of the tmQCD Wilson quark propagator, provides the charged "pion" effective mass aM eff ud . Finally, the third correlation function, composed exclusively of the standard QCD Wilson quark propagator, provides the "D s -meson" effective mass aM eff sc . Since all quark masses are tuned to be degenerate, these are three of the 15 degenerate Goldstone bosons in the continuum limit of our quenched theory. At finite lattice spacing tmQCD induces flavour breaking discretization effects, which are monitored by comparing the values of the three effective masses.
The corresponding currents, inserted in the above correlation functions, are the following Symanzik-improved quantities, taken over from Appendix B of [1] :
Again the O(a) tensor-like counterterm in the above vector currents has been omitted, since it drops out in the correlation functions (it is a sum over space, with periodic boundary conditions, of a discrete spatial divergence).
Another estimate of the effective pseudoscalar meson mass, denoted as aM eff ud , is obtained by using the correlation f (P R ) ud in Eq. (4.1), with
The results are collected in Table 5 . The agreement between M eff ud andM eff ud is excellent. In Fig. 2 the ratio (
Note that the statistical errors of these ratios turn out to be very small, due to the strong correlations between numerator and denominator. We see that at β = 6.0 the two ratios are incompatible; their deviation from unity (which quantifies flavour breaking) is at most a 5% effect. As we approach the continuum limit at β = 6.3, the two ratios become compatible and their deviation from unity reduces to 1 − 2%. Our conclusion is that flavour symmetry breaking effects at the mass ranges we are considering appear to be under control, diminishing fast as the continuum limit is approached. Besides this general conclusion, there are a couple of observations to be made: (i) At β = 6.0 we find that M ud < M sd , in agreement to the findings of [14] (see Fig. 13 of that work) 8 ; (ii) at fixed reference mass (M sc /M phys K ) 2 , these mass ratios do not display a monotonic dependence on β. This is probably a small cumulative effect of the many systematic uncertainties of the mass tuning procedure.
A similar analysis is performed for the pseudoscalar meson decay constants. In the Schrödinger functional framework they are obtained from the axial current correlation functions f A R , properly normalized by the boundary-to-boundary correlation function f 1 ; see [17] for details. For the tmQCD π/2 case under investigation, the specific expressions are (in the large time asymptotic regime):
The quantities F sd , F ud and F sc are obtained from these expressions in a range of x 0 ≫ 0 in which the pseudoscalar effective masses have been extracted.
A second method for computing F ud is based on the PCVC relation Eq. (2.9), expressed in terms of Schrödinger functional correlation functions:
The corresponding decay constant is computed as
The results for the decay constants are collected in Table 6 . Note the excellent agreement between the F ud andF ud results, at all β values, which is analogous to the agreement between the two cot(α) computations presented in sect. 3. In Fig. 3 the ratio F sd /F sc is compared to F ud /F sc . The situation is qualitatively analogous to that of the mass ratios presented above, in that flavour breaking effects tend to vanish as the continuum limit is approached. These effects range form 13% to 3% with increasing β; however we show below that these estimates depend heavily on the improvement coefficent of the axial current.
The above results have been obtained with the normalization constants and improvement coefficients determined in various ALPHA Collaboration publications. , in the π/2 theory. In the β = 6.3 plot, the abscissae of the circles are slightly displaced for clarity. In order to monitor their influence on our data, we have repeated the analysis using the LANL Collaboration results for the same quantities (for details, numerical values and references see Appendix A of [1] ). The comparison of these results, extrapolated to the physical kaon point, is displayed in Fig. 4 . From it we draw the following conclusions:
• The ALPHA and LANL results for each of the decay constants are compatible, the only exceptions being F sc (incompatibility) and F sd (near incompatibility) at β = 6.0. More detailed tests indicate that the main source of incompatibility lies in c A (β = 6.0).
• The ALPHA and LANL results for F ud are fully compatible to those forF ud . All three are independent from the axial current (cf. Eq. (4.8) and Eq. (4.11)) and thus from c A . Moreover,F ud does not depend on any normalization constants and/or improvement coefficients (cf. Eq. (4.11)).
• Unlike the ALPHA results, at β = 6.0 the three LANL estimates F sc , F sd and F ud are fully compatible 9 and show less scaling violations over the range of simulated couplings. This implies that the O(a 2 ) discrepancy shown in Fig. 3 is significantly reduced if c LANL A is used instead of c ALPHA
A
. Thus the tmQCD flavour breaking effects under scrutiny, when monitored by decay constant ratios, appear to be obscured by the uncertainty in the c A determination. The mass ratios of Fig. 2 are a more reliable monitor of tmQCD flavour breaking.
The continuum limit estimates for the various decay constants of the π/2 case are obtained by linear extrapolation in (a/r 0 ) 2 . Strictly speaking, Symanzikimproved quantities such as the decay constants, contain some improvement coefficients which are only known in perturbation theory (cf.b A andb V ). This means that there are also O(ag 4 0 ) discretization errors. We have explicitly checked that the influence of the corresponding counterterms is negligible in practice and therefore the dominant discretization error is indeed O(a 2 ).
From Table 6 we see that our continuum limit results are compatible across all flavour combinations considered. Moreover we note that they do not change substantially if the point of the coarsest lattice (β = 6.0) is removed. 10 From Fig. 4 we see that the continuum limit extrapolations with ALPHA and LANL data are also compatible. We have also confirmed that this conclusion remains valid if the β = 6.0 data are included in these extrapolations. The ALPHA and Ward identity abscissae are slightly displaced for clarity.
We now pass to the computation of the kaon masses and decay constants in the π/4 case. The corresponding lattice correlation function to be used in Eq. (4.1) is:
where now flavours s, d are both twisted. From it, the estimate M eff sd is obtained. A second estimateM eff sd can also be obtained from the pseudoscalar density correlation function f (P R ) sd , with
The decay constant is obtained from the correlation function
An alternative derivation is based on the continuum PCAC relation
The last equation is derived by taking into consideration that Eq. (2.2) reduces to Z −1 P √ 2µ 0,tw for degenerate quark masses m R,tw = µ R,tw . We thus obtain the decay constant estimatẽ
The results for the decay constants, obtained with ALPHA estimates for the normalization constants and improvement coefficients, are collected in Table 7 . In most cases there is again full compatibility between the masses r 0 M eff sd and r 0M eff sd , as well as the decay constants r 0 F ud and r 0Fud , at all β values. The comparison with the LANL results, made at the physical kaon mass, is displayed in Fig. 5 . From it we draw the following conclusions:
• The ALPHA and LANL results are compatible, except at β = 6.0.
• Beyond β = 6.1, ALPHA and LANL results for r 0 F sd are compatible to those for r 0Fsd , the latter being independent of any normalization constants and/or improvement coefficients (cf. Eq. (4.15)). As the ALPHA r 0 F sd estimate scales like r 0Fsd for the whole β range, the two have almost identical continuum limits.
• Compared to the ALPHA and Ward identity results, the LANL ones display a better scaling behaviour over the whole range of simulated couplings.
The continuum limit extrapolations for the decay constants, linear in (a/r 0 ) 2 , are also displayed in Table 7 . We see that they are all in good agreement and do not change substantially if the point of the coarsest lattice (β = 6.0) is removed. The same extrapolations (for all β values) performed with the LANL data yield r 0 F sd = 0.404(6), which is incompatible to the ALPHA and Ward identity estimates, due to its small error. If however the β = 6.0 point is removed, we obtain the compatible result r 0 F sd = 0.411 (9) , which is the situation displayed in Fig. 5 .
The overall conclusion is that the continuum results are remarkably stable for the different flavour combinations, and different tmQCD regularizations (i.e. π/2 and π/4 cases). The best result for F K in the continuum limit is obtained with a constrained fit ofF ud (for the π/2 case) andF sd (for the π/4 case). This choice is dictated by the absence of (re)normalization and improvement coefficients in these quantities, which amounts to the elimination of one source of systematic errors. Our final F K estimate is r 0 F K = 0.421 ± 0.007 (4.16) which agrees nicely with the previous ALPHA result r 0 F K = 0.415±0.009 of ref. [18] , and the χLF-Collaboration one r 0 F K = 0.410 ± 0.011 of ref. [19] .
Four-fermion operators
We now pass to the discussion of our tmQCD results concerning the matrix elements of the parity-odd four-fermion operators
between pseudoscalar states. After attributing appropriate physical quark flavours to the four-quark fields ψ k (k = 1, · · · , 4), we compute the ratios
These ratios are the core quantities for the calculation of the kaon-to-pion weak matrix elements related to the ∆I = 1/2 rule. Note that our computations do not directly provide the physical K → π matrix elements of interest, as our pseudoscalar mesons (pions and kaons) are degenerate and at best as light as the physical kaon. Nevertheless our results have been used in ref. [4] in order to obtain the renormalization constants of Q ± 1 with Neuberger fermions. This is achieved through a matching procedure involving the corresponding RGI operators, computed with Wilson fermions. For details on the method and the notation, see ref. [4] . A different relabelling of the operator quarks ψ k (k = 1, · · · , 4), allows the identification of the Our aim here is twofold: First, we wish to report our B K results at β = 6.1, computed with the new value of κ cr . Second, we also list the values of R − at all couplings; the analysis of ref. [4] was based on these results. As the continuum extrapolation of R ± has also been performed in ref. [4] , it needs not to be repeated here. Nevertheless, we will discuss in some detail the continuum extrapolation of B K (which is that of R + , since B K = (3/4)R + ), as this amounts to an update of our older B K result of ref. [1] . This new B K analysis has also been presented in ref. [6] .
All computational details are identical to those of ref. [1] . Following that work, we construct three versions of the ratio R ± , differing in the structure of the O(a) bilinear counterterm operators in its denominator. The results for R + at β = 6.1, are collected in Table 8 ; the corresponding RGI bag parameterB K is shown, for all Table 9 and Fig. 6 . The determination ofB K in the continuum limit involves a linear extrapolation in a, with the two different regularisations (π/2 and π/4) combined in a fit constrained to a common value at zero lattice spacing. It turned out that one of the most relevant sources of cutoff effects is related to the arbitrariness of the denominator O(a) counterterms mentioned above. For instance, using either the values for Z A , Z V , c A determined by the ALPHA Collaboration or those obtained by the LANL group [22] results in sizeable effects on B K at β = 6.0. At β = 6.1 we also discern discretization effects in the π/4 case (see Figure 6 ). This signals the presence of large O(a 2 ) ambiguities inB K far from the continuum limit. Combined linear+quadratic extrapolation of the data proved to be unreliable, since the curvature of the quadratic term dominates the result also close to the continuum limit. Linear fits, excluding the β = 6.0 data, givê The above results indicate that the extrapolation of the LANL data is the most stable. In spite of this, the ALPHA data is considered to be the best estimate, on grounds related to the systematic uncertainties in the derivation of Z A , Z V and c A , as explained at length in ref. [1] . Since the difference between ALPHA and LANL results is only significant at β = 6.0 and β = 6.1, we have conservatively discarded these data points in the continuum extrapolation, illustrated in the left panel of , we must take into account that the revision of the β = 6.1 data has important consequences for the continuum limit extrapolation. In the analysis of ref. [1] (cf. right panel of Figure 7 ), good scaling behaviour appeared to set-in rather abruptly at β = 6.1, with continuum limit extrapolation becoming stable only once the β = 6.0 points were discarded. On the contrary, the new β = 6.1 data interpolate in a smoother way those at β = 6.0 and β = 6.2 (cf. left panel of Figure 7 ). This however, implies a worsening of the scaling behaviour, with continuum limit extrapolation becoming stable only upon discarding our β = 6.0 and β = 6.1 results, as detailed above.
The value ofB K is shown in the bottom panel of Figure 7 alongside other representative results in quenched QCD found in the literature [23] [24] [25] [26] [27] [28] [29] [30] . Our result is the only quenched result which has simultaneously eliminated the systematic uncertainties related to renormalisation (both at a reference scale and from the point of view of RG running), ultraviolet cutoff dependences, and finite volume effects (within the available accuracy). On the other hand, the control of the mass dependence ofB K with Wilson fermions is still not as accurate as with e.g. Neuberger or domain wall fermions.
The R − results for all β values are displayed in Tables 10 and 11 . The extrapolation of this data to the continuum limit has been presented in ref. [4] . CP-PACS 01 [20] MILC 03 [21] BosMar 03 [22] Babich et al 06 [23] ALPHA 06 SPQ cd R 04 [24] Lee et al 04 [25] JLQCD 97 [26] Figure 7: Left: Continuum limit extrapolation ofB K . The π/2 ordinates have been slightly displaced for clarity. Right: Same as before, but withB K (β = 6.1) from [1] . Bottom: Comparison with other quenched results; different fermion discretizations are as follows (from left to right): [23, 24] domain wall; [25] [26] [27] overlap; [28] Wilson; [29, 30] staggered. The ALPHA point is that of the present work (Wilson tmQCD).
Conclusions
In this work we have completed our study of basic kaon weak matrix elements in quenched Wilson tmQCD. Our final value for F K is the best controlled quenched result obtained with Wilson fermions from the point of view of systematic uncertainties. We have also provided a final value for B K , with an error that, in our view, reflects faithfully the best accuracy that can be expected for this quantity in the absence of full O(a) improvement. Finally, we have performed a thorough study of flavour breaking in our version of tmQCD, confirming that it does not introduce any uncontrolled systematics in our results.
The dominant source of uncertainty left in the quenched approximation (certainly so for B K ) is related to the lack of full O(a) improvement, which amplifies the error of the continuum limit extrapolation. Thus, if Wilson fermions are to be used in the future in the determination of weak matrix elements, the use of tmQCD variants that embody automatic O(a) improvement [31] may prove essential. Two important aspects of the tmQCD approach are crucial in the context of weak matrix elements: the tuning of mass parameters, in particular of the twist angle, has to be controlled to high precision; and flavour symmetry breaking effects should be reasonably small, as in the present study. In conclusion, the present work demonstrates that, once the tuning of the twisted angle and flavour symmetry breaking are under control, tmQCD may offer a convenient alternative to other discretizations. As we are entering the era of tmQCD simulations with dynamical quarks [32] , it will be important to explore these issues in future unquenched studies.
estimate at β = 6.1, obtained through interpolation of data computed at several other gauge couplings [3] , is parametrized as κ ′ cr = κ cr [1 + δ cr ]. Let us keep track of the effect of this offset in the tuning of the various quark masses, starting with the π/2 case. The tuning of the hopping parameter κ w of the untwisted doublet is done in our simulations by requiring that the pseudoscalar meson made of the two untwisted flavours, has a mass M eff sc equal to a given value, fixed between 640 MeV and 830 MeV. This procedure is unaffected by κ cr , as is the computation of purely untwisted quantities such as r 0 F sc . What is affected by the offset δ cr is our estimate of the subtracted masses, which now become
where terms of O(δ 2 cr ) have been dropped. So now Eq. (2.4) becomes
where O(a) counterterms are dropped, when multiplied by δam cr . The requirement of quark mass degeneracy now reads m ′ R,w = µ ′ R,tw ; i.e. the offset filters through to the twisted mass, which now becomes
This clearly induces an offset Z −1 P Z m (δam cr ) in the tuning of the bare twisted mass parameter, which we therefore denote as aµ ′ 0,tw . Finally, the hopping parameter of the twisted doublet is tuned to a valueκ tw , corresponding to
by requiring the vanishing of the renormalized light quark mass, which is now written as
It is important to note that the above quantity is not the true standard quark mass in the twisted sector. Considering that κ cr (and not κ ′ cr ) is by definition the reliably estimated critical point, the true renormalized quark mass, for the hopping parameterκ tw , is expressed in terms ofm ′ q,tw (cf. Eq. (A.5)) as am q,tw = am ′ q, − (δam cr ). It turns out to be non-zero:
The second expression has been derived by implementing the vanishing of Eq. (A.6).
The bottom line is that we now have a theory characterized by the bare parameters κ w ,κ tw , µ ′ tw (or, equivalently, m q,w ,m q,tw , µ ′ 0,tw ) which correspond to the same heavy quark mass m R,w , a small but non-zero light quark massm R,tw and a twisted mass µ ′ R,tw . A twist angle defined through the ratio of mass parameters aµ ′ R,tw and am ′ R,tw , is tautologically equal to π/2. Instead, the true twist angle of the theory is given by
which may differ significantly from the target value π/2.
In Table 12 , we show the values of cot(α). It is clear that they are completely incompatible to the target value of π/2 (and π/4; see below), on which the mass parameter tuning is based. This is in contrast to the small deviation from the target values of the cot(α) estimates given in Table 4 , which simply reflects the presence of O(a 2 ) effects.
In Table 13 , the results for the various pseudoscalar effective masses and decay constants are presented for the π/2 case. The quantities r 0 M eff sc and r 0 F sc are not reported here, as they are identical to those of Tables 5 and 6 . This is because they consist of untwisted flavours, the mass tuning of which is independent of κ cr .
There is a rough check which enables us to "predict" the discrepancy in our results, induced by an offset δκ cr in the critical point. The standard PCAC dependence of the squared pseudoscalar mass on the average valence quark masses implies that:
The above expressions have been obtained by keeping track of the offset in the various quark masses (cf. Eqs. (2.2), (A.4) and (A.7)) in the tuning procedure, through straightforward lowest order Taylor expansions in δam cr . Since, in the absence of offset δam cr , the quark masses are tuned to satisfy am R,w = aµ R,tw , we easily derive .13) This means that the offset of the first ratio, due to δκ cr , is "predicted" to be half of that of the second. This is roughly confirmed by the data in the case of β = 6.1 with the offset κ cr . The relevant results are gathered in Table 14 . Clearly, as the whole procedure does not take into account higher order discretization effects, our expectations are confirmed at a qualitative level.
We now turn to the π/4 case, in which the mass tuning proceeds in a different way (cf. ref. [1] ). For a fixed bare twisted mass aµ 0,tw , the mass degeneracy condition m R,tw = µ R,tw fixes the subtracted mass m q,tw , in terms of Eqs. (2.5) and (2.6), to the value
Now this value of am q,tw induces fixing the hopping parameter to say, κ orκ, depending on whether we are working with κ cr or κ ′ cr :
(A.15)
When we perform simulations at hopping parameterκ (based on the tuning with κ ′ cr ), we are not really at subtracted quark mass am q,tw , but rather at am q,tw = 1/(2κ) − 1/(2κ cr ). This implies the following offset in the subtracted quark mass:
The true untwisted quark masses of our simulation are then
with higher orders omitted. Combining these two expressions, we finally arrive at the estimate for the twist angle
This is again the source of a significant deviation from the target twist angle π/4; the Ward identity results of Table 12 discussed above corroborate this conclusion.
In Table 15 we list the results for the pseudoscalar masses and decay constants. They are significantly different to the ones obtained with the new κ cr (β = 6.1) (cf. Table 7 ). We also notice that the excellent agreement between r 0 M eff sd and r 0M eff sd in Table 7 is lost in Table 15 . Recalling that the two quantities in question, essentially being the two sides of a Ward identity, are equal up to discretization effects, we interpret this discrepancy as a signal of O(a 2 ) flavour symmetry violations. The comparison of r 0 F sd to r 0Fsd confirms these conclusions.
The previous analysis of the mass offsets in the π/4 case suggests two rough checks of the observed discrepancies. First, we note that the twist angle "prediction" of Eq. (A. 19) gives, for the three twisted bare masses used,
which is in good qualitative agreement with the Ward identity estimates listed in Table 15 . Second, we compare the pseudoscalar effective masses M eff sd , computed with our hopping parameter κ (tuned with κ cr ) and listed in Table 7 , to the ones computed with the hopping parameterκ (tuned with κ ′ cr ) of Table 15 . Henceforth, the latter quantities are denoted asM eff sd . PCAC suggests that
A glance at Table 16 shows that the agreement between the measured quantity aM eff sd /aM eff sd − 1 and the "predicted" value Z m δam cr /2aµ R,tw exceeds expectations. (7) 1.874 (7) 1.861 (7) 1.860(6) 0.0225230 1.693 (7) 1.715(6) 1.703(6) 1.700 (6) 6.2 0.0283240 2.080(6) 2.079(6) 2.062(6) 2.060(5) 0.0259850 1.981 (7) 1.980 (7) 1.964(6) 1.959(6) 0.0212897 1.792 (7) 1.795 (7) 1.779 (7) The RGI bag parameterB K for all lattice spacings. The second (third) column displays data from α = π/2 (α = π/4) tmQCD. All results are from ref. [1] , except those at β = 6.1 in boldface, which have been obtained in the present work. The errors, which incorporate both statistical and systematic effects, have been estimated as described in ref. [1] . Table 16 : Comparison of the effect of κ ′ cr (β = 6.1) on the the pseudoscalar mass, measured in the simulation, with the "prediction" based on Eq. (A.24).
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